AFFINE GEOMETRY OF GAUSSIAN RELU NETWORKS VIA
CONDITIONAL KAC-RICE FORMULAS

RECEP OZKAN AND CHRISTIAN HIRSCH

ABSTRACT. We study how the affine geometry of finite ReLU networks is created at random
initialization and reorganized by supervised training. We call a sign-changing zero of a hidden
preactivation an activation switch and a point where the scalar network output is nondifferentiable a
scalar kink. For one-dimensional input, conditioning on the preceding layers makes each preactivation
Gaussian and affine on the cells of a random finite partition. This yields an exact finite-width
conditional Kac—Rice formula for the expected number of activation switches along an input interval.
For fixed depth and proportionally growing widths, the resulting switch intensities converge to
explicit deterministic limits. A visibility estimate shows that the expected number of switches
that do not produce scalar kinks is negligible, yielding an explicit leading formula for the expected
number of scalar kinks and hence affine regions. In higher input dimensions d > 2, the analogous
conditional surface formula yields the leading expected (d — 1)-dimensional Hausdorff measure of the
scalar kink set. On the Breast Cancer Wisconsin data, the initialization formula accurately predicts
switch counts along held-out segments. After training, switch counts decrease along within-class
segments and increase along between-class segments. Thus, training redistributes rather than merely
contracts affine complexity.

1. INTRODUCTION

A ReLU network represents a continuous piecewise-affine map, and its activation boundaries
determine where the represented affine function changes. We study this geometry for finite Gaussian
ReLU networks, both at random initialization and after supervised training. Throughout, an
activation switch is a sign-changing zero of a hidden preactivation, so that the corresponding ReLLU
gate changes state, while a scalar kink is a point where the scalar network output is not differentiable.

Our first results quantify this geometry at random initialization. For one-dimensional input, we
obtain explicit asymptotic formulas for the expected number of scalar kinks and hence for the
expected number of maximal affine regions. In higher input dimensions d > 2, we obtain the
corresponding asymptotic formula for the expected (d — 1)-dimensional Hausdorff measure of the
scalar kink set. We then use the same switch statistic to study trained networks empirically. On the
Breast Cancer Wisconsin data, training decreases switch counts along within-class segments and
increases them along between-class segments. Thus, the statistic reveals a redistribution of affine

complexity rather than a uniform contraction or expansion.
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The affine geometry of ReLLU networks has been studied from several perspectives. Classical work
investigates how depth creates many linear regions [25, 28], how activation changes accumulate
along trajectories [30], and how regions can be counted or related to robustness [7, 32]. Other work
emphasizes that different regions can have different geometric roles [11, 35]. A complementary
geometric literature describes the induced input-space partition itself. Balestriero et al. [3] represent
the successive partitions of piecewise-affine networks through power-diagram subdivisions, while
Grigsby and Lindsey [13] develop a generic transversality framework for ReLU bent-hyperplane
arrangements. Masden [24] gives an algorithmic description of the face poset of the resulting
polyhedral complex, and Humayun et al. [18] compute and visualize this geometry and the associated
decision boundary exactly over prescribed input regions. Huchette et al. [17] provide a recent survey
of the broader polyhedral perspective. Region counts have also been developed as explicit complexity
measures for related ReLU architectures: Liang and Xu [22] analyze how additional biases change
the number of linear regions, while Chen et al. [5] derive region bounds for graph convolutional
networks.

For random networks, Hanin and Rolnick show that along a fixed one-dimensional path the
expected number of regions grows only linearly with the number of neurons and study activation-
pattern geometry before and after training [14, 15]. Goujon et al. [12] develop a complementary
stochastic framework for continuous piecewise-linear networks and bound the expected density of
linear regions along one-dimensional paths in terms of depth, width, and activation complexity.
The closest explicit asymptotic calculation to our one-dimensional formula is due to Kogan et al.
[21]. Under He scaling, they start from the infinite-width Gaussian process and obtain a Cauchy
zero-crossing density. Recent work of D’Inverno et al. [9] shows more broadly that finite-width
random networks can exhibit structure that is absent from their infinite-width mean-field description.
Recent probabilistic work has developed complementary asymptotic descriptions of Gaussian neural
models, including large- and moderate-deviation principles for deep Gaussian networks [23, 36] and
spectral asymptotics for Gaussian random-feature models [27]. In a different direction, Xu and
Zhang [38] encode the piecewise-linear structure through activation domains and activation matrices
to analyze convergence with increasing depth.

Our contribution differs in that the calculation starts from the finite network. Conditional
on the preceding layers, a new preactivation is Gaussian and affine on each cell of the inherited
activation partition. A cellwise Kac—Rice calculation therefore gives an exact finite-width conditional
formula for its expected number of activation switches. Only afterward do we pass to proportionally
growing widths, where propagation of the conditional covariance data yields explicit deterministic
layerwise intensities. This order of argument is important: limiting Gaussian descriptions can
suggest candidate formulas, but they do not by themselves control the finite-network zero geometry.

A second issue is that activation switches and scalar kinks are not identical. A switch need not
create a kink in the scalar output if every downstream route from the switching neuron is blocked,
while different active routes could in principle cancel. Gaussian genericity excludes nontrivial

cancellation, and the probability that an entire downstream layer is inactive is exponentially small in
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its width. A visibility estimate therefore transfers the expected switch count to the expected scalar
kink count. In higher dimensions, the same finite-network mechanism is combined with a conditional
surface formula to obtain the leading Hausdorff measure of the scalar kink set. Finite-width coarea
arguments for random ReLU boundaries were developed by Hanin and Rolnick [15], while Di Lillo
et al. [8] study boundary volumes of Gaussian fields after the infinite-width limit. Crofton’s formula
gives a direct bridge between the higher-dimensional surface measure and one-dimensional zero
counts [31].

The geometry induced by trained networks has likewise been studied from several viewpoints.
Szymanski et al. [34] quantify local network geometry through tangent spaces and relate their
complexity to class separation. Jia et al. [20] analyze the evolution of class geometry through neural
activation spaces using convex-hull approximations, while Benfenati and Marta [4] reconstruct
input-space equivalence classes from a differential-geometric description of trained networks. More
directly related to boundary redistribution, Humayun et al. [19] use the density of linear regions
near data as a local-complexity statistic and report that, late in training, regions migrate away
from data points toward the decision boundary. Patel and Montufar [29] formalize local complexity
as the density of linear regions over an input distribution and connect its reduction to learned
low-dimensional representations and optimization. At the level of individual neurons, Chen and Ge
[6] analyze the evolution of ReLU activation boundaries under stochastic optimization.

These works establish that training can reorganize the spatial distribution of ReLU boundaries. Our
empirical study asks a different question, using a chord-wise switch count whose behavior at random
initialization is supplied by the finite-width theory above. The initialization formula accurately
predicts the measured switch counts along held-out data segments, after which the comparison of
within-class, between-class, and off-manifold segments reveals strongly class-dependent changes.
Thus, the contribution of the trained-data experiment is not a claim that boundary redistribution
itself is new, but a class-conditioned measurement of that redistribution with an analytic Gaussian
initialization benchmark. We make no Gaussian assumption for trained parameters; the post-training
conclusions are empirical.

The remainder of the paper develops these three parts in turn. Section 2 states the scalar-
kink asymptotics. The finite-network Kac—Rice calculation, covariance propagation, and visibility
mechanism are then made explicit, followed by finite-width numerical verification and the trained-

data study. Complete proofs and the broader numerical checks are collected in the appendices.

2. MODEL AND MAIN RESULTS

Let the input be z € R?, the scalar output be fn(z), and the hidden depth L be fixed. Hidden
layer ¢ has width ny, with N = Zngl ng and ng/N — ay € (0,1). The activation is o(u) = u4. The

first and later layers are

z1,5(x) = b1 + (W, 2),

1
z0,5(x) = bej + > Wejihei(x), £>2.

V-1
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with hy; = 0(2¢;) and fn = bous + nzlﬂ Zj ajhr ;. All parameters are independent and centered
Gaussian, with Var(by;) = B¢ > 0, Wi ; ~ N(0,7114), and Var(Wy ;) = 7 for £ > 2. Define

Alzﬁl,Blzfyl,and B
B, — YeDy—1 .
2
2.1. One-dimensional input. We first specialize the common network to a one-dimensional input.

1 Ap—1
Ay =B+ ’777

The scalar kink set is then a finite boundary set, and its counting measure is the quantity that
matches the higher-dimensional Hausdorff measure below. The special one-dimensional geometry also
recovers the number of maximal affine intervals by adding one to this kink count. Let I = [a,b] C R

and define
Ry(I) :={t €int(l) : fn(t) is not differentiable},

Ry(I) :== #Rn(I) = H (Rn (D)),

)= AT
peL) - m(Ay —|—Bgt2)'
Because fy is continuous and piecewise affine, 1 + Ry ([) is exactly the number of maximal affine

intervals. The first theorem identifies the leading expected kink count through the layerwise

intensities py.

Theorem 2.1 (Scalar kinks in one dimension). Under the preceding fized-depth proportional-width
Gaussian model, for every compact interval I C R,

L
BRV(I) = e [ pult) dt + o),
=1 1

L
ERN(I) /
_— ag [ pe(t) dt.
v
For constant variances 3y = 3 and v, = v, and setting By = v(7/2)¢"!, the integral is explicit:

b
/ pe(t) dt = %[arctan (by/Be/A¢) — arctan (an/Be/Ar)].

Under He scaling, v, = 2, 8 = O'g give Ay = Eag, By=2
pe(t) = V20 0y ) (w (282 + Lo})).

Up to layer indexing, this agrees with the infinite-width zero-crossing intensity of Kogan et al. [21];

our argument begins with the finite network.

2.2. Higher-dimensional input. We next keep the input dimension fixed and replace the 1D
kink count by codimension-one surface measure. The scalar output remains the principal object;
hidden activation boundaries enter only as an auxiliary construction in the proof. The limiting
density is determined by the covariance of the preactivation value and gradient at a fixed input. Let
d > 2 be fixed, let D C R? be bounded, open, and convex, and let H%~! denote (d — 1)-dimensional

Hausdorfl measure. Define the scalar kink set

RN (D) :={xz € D : fy(z) is not differentiable}.
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Put s¢(z) = Ay + By||z||? and

BQ
Ty(z) = Bely — —* zx,

se(z)
_ BIN@)%G|
27sy(x)

pg,d(ai) s G ~ N(O, Id).

The eigenvalues of I'y(z) are By in the d — 1 transverse directions and AyBy/s¢(x) radially. In
particular, the density is explicit up to a one-dimensional Gaussian norm expectation and depends
on z only through ||z||. The second theorem identifies the leading expected measure of the scalar
kink set.

Theorem 2.2 (Scalar kink measure). Under the preceding fized-depth proportional-width Gaussian
model with fired d > 2, for every bounded open convexr D C RY,

L
d—1 — n €T €T o .
EH (RN(D))—; e/Dpz,d( ) dz + o(NV)

Remark 2.3 (The one-dimensional specialization). Formally setting d = 1 gives pg1(t) = pe(t). Since
HO is counting measure,

Ry(I) = H Ry (D).

Thus, the one-dimensional formula is precisely the d = 1 specialization of the formula for the scalar
kink measure. The additional one-dimensional fact is that 1+ Ry ([) is the number of maximal affine
intervals of fy on I; boundary measure has no analogous relation to the number of full-dimensional
affine regions for d > 2.

3. FINITE-NETWORK PROOF OVERVIEW

The two proofs have the same architecture: an exact conditional Kac—Rice identity, propagation of
empirical covariance data, and a visibility argument for the scalar output. This section records the
mathematical mechanism and the formulas that determine the limiting constants without reproducing
every technical estimate. Complete proofs, with the central propositions stated before the theorem
deductions and their auxiliary inputs proved afterward, appear in the appendices. In one dimension,
let Ny j(I) denote the number of sign-changing zeros of z¢; in int(1), let Sn(I) = 3_, ; Ne;(I), and

let Viv(I) denote the number of these switches that create a genuine kink of the scalar output.

3.1. Conditional Kac—Rice in one dimension. The first step computes the expected switch
count of one neuron conditional on the preceding layers. On each inherited cell, the current
preactivation is an affine Gaussian function, so its zero count can be evaluated directly by a change
of variables. The resulting density depends only on the conditional variance of the value and slope
and on their covariance. In its classical one-dimensional form, the Kac—Rice formula expresses the
expected number Ny(I) of zeros of a sufficiently regular real-valued random process Z on an interval

I as

ENO(D) = [ 920 OEIZ (0] 2() = 0] .
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Standard treatments include Adler and Taylor [1] and Azais and Wschebor [2]. In the present
setting the preactivations are only piecewise affine, so we use this mechanism separately on each
inherited affine cell rather than invoke a global smooth-process formula. Let F;_; be generated by

the preceding layers, and on an inherited cell write z ;(t) = U + Vt. Define
Se.n(t) = Var(z;(t) | Fe-1),
Qen(t) = Var(zp(t) | Fe-1),
Con(t) = Cov(ze (1), Zz,j(t) | Fo_1).

On one affine cell, a zero occurs at t exactly when (U,V) = (—tV, V). The change of variables

(t,v) — (—tv,v) has absolute Jacobian |v|, so
B#{t: U+ Vt =0} = [ pz(OEIV] | 2() = 0] at.

For a centered Gaussian pair, the conditional variance of V given Z(t) = 0 is Q — C?/S. Hence,

summing over the inherited cells gives the exact conditional identity

E[Ng;(I) | Fe-1]

(3.1) Qe (1 CeN() 2
/\/SEN SeN()> -

The positive bias variance prevents an identically zero affine restriction. For the first layer, the

unique root of by ; + Wy ;t is a scaled ratio of two independent Gaussians, giving the same Cauchy
density directly.
For fixed t, empirical ReLU moments propagate through the layers. The conditional covariance

data satisfy
Sen(t) = Be+ —— Zhe 1:(8)7

e
t) = h ,
Qun () Wl}jm

Cyn(t h t)h
o (t) = leeu -1,4(1),
and the half-space identities for a centered Gaussian pair give

(Sen(t), Qen(t), Con(t)) — (Ag+ Bet®, By, Byt)

in probability and in L'. Uniform fourth moments imply uniform integrability of the random

Kac-Rice density. Therefore, the expected contribution of one layer converges to | 1 Pe-

3.2. Finite geometry and visibility. The exact zero formula must be connected to the realized
piecewise-affine network. For every fixed architecture, Gaussian parameters satisfy the following
properties simultaneously outside a null event: inherited breakpoints are finite; a later preactivation
does not vanish at an inherited breakpoint; zeros inside inherited cells are isolated and sign-changing;

distinct neurons do not switch at the same input; and an active downstream path has nonzero
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downstream sensitivity. The key nondegeneracy statements reduce to nonzero polynomials. On an
inherited cell C, write hy_1;(t) = pi.c + gi,ct and z¢;(t) = Ujc + Vjct. Then

Var(Vic | Fio1) = % Y ¢ = Qe,

det Cov((Uj,c, Vjc) | Fe—1) = BeQc-

Thus, Q¢ = 0 gives a nonzero random constant, while Q¢ > 0 gives a nondegenerate affine pair. For
two neurons, a common root forces the nontrivial polynomial U; Vi c — Uk,cVj,c to vanish. For a
fixed downstream gate vector g, let ¢, > 0 denote the deterministic width normalization attached to

an edge e and let w, denote its weight. The sensitivity of a switching neuron w is

po= Y (Mew)( T o)

mu—out  e€m vem\{u,out}

If g contains an active path, its path monomial cannot be reproduced by another path, so D, is a
nonzero polynomial. Let Py (I) be the partition of I into maximal intervals on which the complete
activation pattern is constant. The genericity facts then give the exact identities #Pn (1) = 1+Sn (1)
and Ry(I) = Vn(I).

The same genericity argument also controls visibility at the scalar output. The visibility step
transfers the switch count to the scalar kink count. Finite Gaussian genericity makes distinct switch
locations almost surely disjoint and reduces the local question to the downstream sensitivity of the
switching neuron. On a fixed gate pattern this sensitivity is a polynomial in the remaining Gaussian
edge weights. At a switch of neuron u, freezing downstream gates writes the derivative jump of the
scalar output as the derivative jump of h, multiplied by this sensitivity. If there is an active path
from w to the output, the corresponding path monomial has nonzero coefficient, so the polynomial
is nontrivial and does not vanish almost surely.

A switch can therefore be invisible only if some downstream hidden layer is entirely inactive.
Centered Gaussian preactivations make all signs in a new layer conditionally independent and fair,
giving probability 27" for this event in layer r. Consequently,

L
(3.2) 0 <E[Sn(I) = Vn(I)] <> 27 ESn(I) = o(1).

r=1
The three ingredients of Theorem 2.1 are now in place. The identity (3.1) gives ESy(I) =
>¢ne [y pe + o(N). The bound (3.2) makes the difference between Sy (I) and Vy(I) negligible.
Finally, Ry(I) = Vn(I). The complete deduction appears in Appendix A, and the number of

maximal affine intervals is 1 + Ry ().

3.3. Fixed dimension. The higher-dimensional argument follows the same three stages, with zero
counts replaced by surface measure. The hidden activation boundaries provide an auxiliary quantity
that can be computed by a conditional surface formula and then transferred to the scalar kink

set by visibility. The genericity step ensures that intersections and lower-dimensional faces do not
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(a) first-layer units with activation switches at t = —2, 0, 1

(b) second-layer preactivation z21: inherited kinks versus fresh zeros

M inherited kink (22,1 # 0): not a switch

1.2 | ®@activation switch (22,1 = 0, sign change)
0+
0.4 |
(c) post-activation ha ;1 = o(22,1): gates transmit or erase kinks
transmitted
1.2 +

erased . erased
f t f

-3 -2 -1 0 1 2 3

FIGURE 1. A deterministic two-layer example separating inherited kinks from fresh
activation switches. Panel (a) shows three first-layer units; in panel (b) the later
preactivation inherits slope changes at earlier switches (squares) but creates new
switches only at its own sign-changing zeros (circles). In panel (c), ReLU gates can
transmit or erase inherited kinks. The finite Gaussian genericity argument ensures
that, almost surely, these cases do not become ambiguous through coincident switches
or exact downstream cancellation.

contribute to H?~!. For Theorem 2.2, write Z;(D) = {z € D : 2 j(z) = 0} and introduce the

auxiliary hidden boundary measure

L ny
(3.3) Sna(D) =YY H"(Z1(D)).

=1 j=1

Conditioning on the preceding layers again yields a Gaussian field that is affine on each full-
dimensional cell. The cellwise coarea formula replaces the absolute conditional slope in (3.1) by
the norm of a conditional Gaussian gradient. If S, R, C' denote the conditional variance of the field,
value-gradient covariance, and gradient covariance matrix, respectively, the local surface density is
5 HINO.C6) — R RS

Propagation of the value-gradient empirical moments gives (S, R,C) — (s¢(z), Bex, B¢l;) and
therefore the matrix I'y(x) in Section 2.2. The geometric step is again finite-dimensional. Replacing

every ReLU gate by a deterministic mask ¢ € {0,1}Y makes each masked preactivation affine,

7(t) = ay +{(95,2),  Qew:=(a3)* + llgal®.
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TABLE 1. Monte Carlo estimates of 1 + ERx([—1,1]), the expected number of
maximal affine intervals, for 5 =~ = 1. The theory column is 1+ ), ng f[ pe; it is
exact for L = 1 and the leading prediction for L > 2. These rows are a selection;
Table D.1 reports the full set of runs.

~

widths N MC theory L widths N MC theory

1 16 16 8.94 +£0.05 9.00 16,16 32 14.16+£0.11  14.33
1 64 64  33.08+£0.09 33.00 64, 64 128 53.92+£0.21 54.33
1 256 256 129.15+£0.17 129.00 64,64,64 192 68.72£0.37 69.06
2 128,64 192 86.17+£0.36 86.33 64,128 192 74.71+£042 75.67

N W NN

The bias of u enters a;, with coefficient one, so Q). ,, is a nonzero polynomial and a candidate facet
is almost surely a genuine hyperplane. Coincidence of two candidate hyperplanes similarly forces
a nonzero polynomial relation between their affine coefficient vectors. Hence, distinct boundaries
meet only in codimension at least two, which is invisible to H% . Polynomial genericity excludes
coincident regular facets and nontrivial downstream cancellation. The same blocking argument as

in one dimension yields

L
ESy 4(D) = ; ng /D pea(r) dz + o(N),

0 <E[Sna(D) — H"H(Rn(D))] = o(1),

which gives the main-text reduction to the scalar-output theorem; the complete proof appears in

Appendix C.

4. FINITE-WIDTH VERIFICATION AT INITIALIZATION

The preceding theorems are asymptotic, so we first check how accurately the leading terms
describe networks at moderate width. These experiments are not needed for the proofs. Their role is
to verify the finite-width implementation before using the same switch statistic in the trained-data

study.

4.1. One-dimensional convergence. We first test the one-dimensional formula at widths where
the network can be simulated exactly along the full interval. The experiment separates the finite-
width identity at depth one from the asymptotic predictions at depths two and three. For § =~v =1
and I = [—1, 1], the layer integrals are 1/2, 1/3, and approximately 0.2301 for the first three layers,

while at depth one the kink-count formula is exact at every finite width:
ERN(I) =N /pl(t) dt = n1/2.
I

Equivalently, the expected number of maximal affine intervals is 1+ n/2. For depths two and three,
the theorem guarantees only an o(/N) correction. Across the widths used in the experiment, the
measured expectation stays within two affine regions of the leading prediction, and the normalized

counts are already close to the limiting constants, as reported in Table 1 and Figure 2.
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—— L =1 (limit 1/2)
0.60 -f- L =2 (limit 5/12)
S A L=3(limit =0.3545)
S
p 0.55 1
C
s
< 0.50
2
< 0.45 - B _—
e o--
f ----- O-==-===-= Th-m=m=—— -0
=) 0.40 A
) NETTTTTTITTT T Acveennnn. ..
0.35 frmmmm e L D Y CLTCTIRTTTTPPTes) A LNt rrssanend
23 24 25 26 27 28 29
total width N

FIGURE 2. Monte Carlo estimates of (1 + ERy(I))/N, the expected number of
maximal affine intervals normalized by N, for 5 =~ =1, I = [-1,1], and equal

widths. Horizontal lines are the asymptotic values 1/2, 5/12, and approximately
0.3545 for depths L = 1,2, 3.

The unequal-width rows use the same total budget N = 192 but allocate more neurons to different
layers. Their agreement with the prediction checks that the theorem is not tied to equal widths.
They also illustrate the layerwise nature of the formula: for these parameters, moving width toward

the earlier layer increases the expected count because the layer intensity decreases with depth.

4.2. Higher-dimensional surface measure. For D = B(0,1), we estimate the auxiliary hidden
boundary measure through Crofton’s representation rather than a lattice discretization. Sampling a
random direction and a random offset in the orthogonal projection of the ball gives an unbiased
estimator based entirely on exact one-dimensional chord intersections. Table 2 reports the ratio
of the measured boundary measure to the asymptotic prediction. The ratios are close to one for
dimensions 2,3,5 and depths up to three; the full calibration table and standard errors are in
Appendix E.

These checks also illustrate why the hidden quantity remains useful as an auxiliary construction:
it is directly measurable by line intersections and the visibility estimate transfers its leading term
to the scalar output. In the main theorems, however, the headline quantities are the scalar kink
count in one dimension and the scalar kink-set measure in fixed higher dimension; the number of

one-dimensional affine regions is 1 + Ry ().
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TABLE 2. Finite-network boundary measure on the unit ball with 5, = ~, = 1.
Predictions are the leading terms from the layerwise surface integral; errors are one
standard error over 40 networks. These rows are a selection covering all three input
dimensions and all three depths; Table E.2 reports the full set of nine configurations.

d widths prediction estimate ratio
2 64 76.68 76.224+1.18 0.994
3 32,32 107.83 108.30 £1.84 1.004
5 24,24,24 171.86 167.43 +£3.35 0.974

5. AFFINE GEOMETRY BEFORE AND AFTER TRAINING

The initialization theory gives an analytically tractable reference geometry. We now use the same
finite-network statistic to ask how supervised learning changes that geometry on real data. All
post-training statements in this section are empirical; Theorems 2.1 and 2.2 are not asserted for

trained weights.

5.1. Design and initialization prediction. We use the Breast Cancer Wisconsin diagnostic
data, a classical benchmark for binary classification based on 30 quantitative features extracted
from digitized images of breast-mass cell nuclei [33]. The data contain 569 observations, with 212
malignant and 357 benign cases, and we use d = 30 standardized features. The principal experiments
use 10 stratified 70/30 train/test splits with 5 independently initialized networks per split, giving 50
split—-seed combinations for each of the two architectures reported below. Feature standardization
is fitted on the training observations of each split and then applied to the held-out observations.
Within a split, the evaluation segments are drawn once and held fixed across initialization, training,
and all network seeds, so every change is measured on the same segments before and after training.
The relative change is computed separately for each split—seed combination, and the variability
reported below is across those combinations. Segments measured on one network are not treated
as independent replicates, and the splits are re-partitions of one dataset rather than independent
datasets. The wider architectures and the bias-variance sweep of Appendix G remain single-split
exploratory checks. The main network has two hidden layers of width (64,64) and a scalar logit.
We use He scaling in the parameterization above and hidden bias variance ag = 0.1, which respects
the positive-bias-variance assumption of the theory. Training uses full-batch Adam with learning
rate 3 x 1073 for 300 epochs and binary cross entropy.

For endpoints g, z1, let Ny(zg,z1) denote the total number of activation switches contributed
by layer ¢ along the segment joining them. Write z(t) = xo + t(x1 — x0), t € [0,1], let v =
(1 — x0)/||z1 — x0l|, S0 = (z0,v), s1 = S0 + ||z1 — wol|, and y = x9 — spv. The restriction to this
chord is a one-dimensional Gaussian ReLLU network whose limiting layer-¢ intercept and slope
variances are A, = A, + By|ly||? and B,. Hence, the covariance propagation in Section 3.1 gives, in

the fixed-depth proportional-width regime,

(5.1) EN¢(zo,21) = %[arctan (s14/Be/A}) — arctan (so\/ Be/A})]| + o(ng).
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For ¢ = 1, the remainder in (5.1) is identically zero, so the displayed expression is the exact finite-
width expectation. For ¢ > 2, however, the exact finite-width input is the conditional Kac—Rice
identity (3.1); the deterministic arctangent expression arises only after propagation of the random
conditional covariance data and is therefore a leading asymptotic prediction rather than an exact
finite-width expectation. We use this leading term as the closed-form initialization prediction below,
summing it over the hidden layers when predicting the total switch count.

This prediction concerns the hidden switch count Sy, not the scalar kink count Ry of Theorem 2.1.
We report Sy throughout this section. The chord prediction (5.1) is layerwise, and the layer
decomposition below requires the layer attribution that Sy carries and Ry does not. The two agree
to leading order at these widths by the visibility bound (3.2), in which the expected number of
switches invisible at the output is of order ), 27""; they agree exactly in every exploratory run of
Appendix G.

No quadrature or grid discretization enters either the prediction or the measured switch count:
all switches are located exactly by solving linear equations on inherited cells.

We use four segment families: within malignant, within benign, between class, and an off-manifold
control whose endpoints are independent N (0, I30) draws. The control has the same coordinatewise
scale as the standardized features but is unrelated to the learned data geometry. At initialization,
the closed-form prediction agrees with the measured count for every architecture and segment family.
For (64,64), averaged over the 50 split-seed combinations, the within-malignant prediction is 47.14
against 46.49 + 3.33 measured, and the between-class prediction is 70.98 against 70.60 & 3.04, where
the stated spread is one standard deviation across combinations. In both cases the deviation is below
a quarter of that spread. The corresponding single-split figures for all four exploratory architectures

are in Appendix G.

5.2. Training redistributes the boundaries. We next compare the same segment statistics
before and after supervised training. The main question is whether training changes affine complexity
globally or reorganizes it according to the class relation. The changes are strongly class dependent.
For (64, 64), averaged over the 50 split—seed combinations, total switch counts decrease by 24.1% on
within-malignant and by 22.5% on within-benign segments and increase by 18.6% between classes,
while the off-manifold control changes by only —4.3%. The direction agrees with the mean in every
one of the 50 combinations for the three data-segment families; for the control, whose mean is close
to zero, it agrees in 49 of 50. The deeper (64,64, 64) network behaves the same way. Table 3 reports
both architectures with their variability.

The separation is therefore not an artifact of one partition of the data or of one initialization:
Figure 3 shows that no split reverses it and that the between-class and within-class families do
not overlap in any of them. Relative to the off-manifold control, within-class and between-class
changes remain strongly separated; we use this as a comparison relative to the control, not as an
additive causal correction. The same sign pattern appears in the wider architectures of Appendix G,
which were run on a single exploratory split. The change also grows with depth within a network:
in (64,64, 64) the within-malignant change is —7.7% in the first hidden layer and —48.5% in the
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TABLE 3. Relative change in total switch count from initialization to epoch 300,
over 10 stratified splits with 5 network seeds each. Entries are the mean over the
50 split—seed combinations, one standard deviation across them, and the number of
combinations in which the change has the same sign as the mean. Test accuracy is
0.970 £ 0.013 for (64,64) and 0.971 £ 0.013 for (64, 64,64).

architecture segment family mean sd same sign
(64,64) within malignant —24.1% 7.3 50/50
within benign -225% 5.7 50/50
between class +18.6% 5.4 50/50
off manifold (control) —4.3% 1.8 49/50
(64,64,64)  within malignant —273% 7.1 50/50
within benign —-25.9% 5.1 50/50
between class +15.5% 5.3 50/50
off manifold (control) —9.2% 3.0 50/50

TABLE 4. Layerwise relative change for the (64,64, 64) network, over the same 10 x 5
split—seed design as Table 3. Entries are the mean and one standard deviation across
the 50 combinations.

segment family layer 1 layer 2 layer 3
within malignant —77+44 —-2714+11.1 —485+124
within benign —-76£38 —-26.1+65 —45.1+11.0
between class +7.6+28 +4+10.1+6.8 +30.5£12.1

off manifold (control) +0.0+0.6 —104+4.1 —17.7+6.8

third, while the between-class change grows from +7.6% to +30.5% (Table 4). The first layer of the
control is flat, 0.0 & 0.6 per cent, which is the quantity the layerwise theory predicts and which no
global constant would reproduce.

The separation develops monotonically and is close to saturation by epochs 150-300; Figure 3(b)
follows one continuous Adam run through epoch 600. Across all nine combinations of Ug €
{0.01,0.1,1} and training length in {100,300,1000}, the sign pattern persists. At ag = 1, for
example, the effect shifts from removing within-class boundaries toward adding between-class
boundaries, but the ordering remains the same. Appendix G reports these robustness runs and the
additional architectures in full.

Finally, the number of scalar output kinks equals the total hidden switch count in 159,094 of the
159,100 segment measurements of the replicated study, and in every exploratory run of Appendix G.
The six exceptions all occur in one trained network, where the slope change at the switch has
relative size about 107 and therefore falls below the tolerance of the slope-comparison test; no
switch is invisible at the output. At initialization this agreement is what the visibility theorem
predicts, and at the tested widths it is stronger than required by it. After training it is a separate

empirical observation. Together, the initialization agreement, class-dependent reorganization, depth
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FIGURE 3. Split-level and trajectory views of the same experiment. (a) Results
behind Table 3. Open circles are the ten split means, each averaged over the five
network seeds of that split; the horizontal bar is the mean over all 50 split—seed
combinations and the grey band is one standard deviation across them. The within-
class families lie entirely below zero and the between-class family entirely above it
in every split, while the control stays close to zero. (b) For the (64,64) network,
switch counts along within-class segments decrease during training, between-class
counts increase, and the off-manifold control remains comparatively flat. Counts
are normalized by initialization and averaged over 20 network seeds on the single
exploratory split.

decomposition, and training trajectory indicate that the statistic is tracking learned geometry rather

than merely a global rescaling of the network.

6. DISCUSSION AND LIMITATIONS

The theoretical and empirical parts answer two sides of the same question. At random initialization,
conditional Kac—Rice and covariance propagation make the finite-network affine geometry explicit.
On real data, the same statistic is accurately predicted before training and then reorganized in
a label-dependent way by learning. The observed effect is not a generic increase in complexity:
within-class paths become geometrically simpler while between-class paths acquire more boundaries.

The trained-network observation is consistent with, but distinct from, recent results on local
linear-region complexity. Humayun et al. [19] report that linear regions migrate away from data
points toward the decision boundary during a late phase of training, while Patel and Montifar [29]

relate lower local complexity to feature learning and optimization. Our chord-wise switch count is
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neither a neighborhood-based local-complexity measure nor a decision-boundary density. It records
the hidden activation switches encountered along a prescribed segment and, crucially for the present
comparison, has an explicit Gaussian initialization benchmark. The opposite changes on within-class
and between-class segments therefore provide a class-conditioned one-dimensional diagnostic of
boundary redistribution rather than a global complexity measure.

The results concern expectations at fixed depth and fixed input dimension. We do not prove
concentration, rates for the o(N) terms, growing-dimensional limits, or post-training analogues of the
Gaussian theorems. In d > 2, boundary measure does not determine the number of full-dimensional
affine regions. The off-manifold control addresses a simple global-contraction explanation but is not
an exact geometry-matched counterfactual. The principal experiment varies both the train/test
split and the network initialization, but the splits are re-partitions of a single dataset rather than
independent datasets, so the reported variability measures sensitivity to partition and initialization
and not sampling variability of the data source. The wider architectures and the bias-variance sweep
remain single-split exploratory checks, and the study uses one dataset in one application domain.
Full proofs, synthetic tables, Crofton calibration, unequal-width checks, all additional Wisconsin

architectures, and robustness details appear in the appendices.

APPENDICES

The appendices give the complete finite-network arguments and the broader numerical checks.
The main text states the scalar-output results; several proofs below establish stronger auxiliary

hidden-switch or hidden-boundary estimates on the way to those conclusions.

APPENDIX A. PROOF OF THEOREM 2.1: 1D THEOREM

This section reduces Theorem 2.1 to the expected hidden-switch count and a visibility estimate. We
first record the finite Gaussian geometry needed to identify activation switches with the breakpoints
of the activation partition and to determine when a switch reaches the scalar output. We then state
the two central propositions, derive the theorem from them immediately, and prove the propositions
in the subsequent sections. All switch counts are taken in the open interval (a,b); endpoint zeros
are ignored because all relevant endpoint zero probabilities are zero. Let Fy denote the sigma-field

generated by all weights and biases up to hidden layer ¢.

Definition A.1 (Switches, finite partitions, and visibility). Let I = [a,b] C R be a compact interval.

i) A point ty € (a,b) is an activation switch of neuron (¢, j) if z; ;(tg) = 0 and 2y ; changes sign
J J J ges sig
at tg.
(ii) The switch counts are

L nyg
Noi(I) :==#{to € (a,b) : ty is an activation switch of z;}, Sn(I) == Z Z Ny ;(I).
=1 j=1

(iii) The activation pattern at t is An(t) = (1{z¢;(t) > 0})i<e<r,1<j<n,, and the activation
partition Py (I) is the partition of I into maximal intervals on which A () is constant.
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(iv) An activation switch is wvisible if it creates a genuine kink of the scalar output, that is, if
fn(to) # fi._(to). The number of visible activation switches in (a, b) is denoted by Vi (I).

(v) Put Bo,y = @ and let B, y be the union of B,_; y and the switch locations of all neurons in
layer £. The connected components of (a,b) \ B,y are denoted by Cy n.

(vi) If ¢o is an isolated switch of uw = (¢, j) and no other hidden preactivation vanishes at tg, its
downstream sensitivity is the coefficient of hy ; in the scalar output when all downstream gates
are frozen at their values at tg:

__ Ofn(to)
Dalto) = g e

A path from u to the output is active at ty when all its downstream hidden neurons are active
there.

For a continuous piecewise-affine function, an unadorned derivative denotes the ordinary derivative
where it exists and is set equal to zero at the finitely many points where it does not exist. This
convention affects neither Lebesgue integrals nor any fixed input probabilistic identity below. One-
sided derivatives are always denoted explicitly. We now derive the Theorem 2.1 from a sequence
of auxiliary results. We state those auxiliary results now and postpone their proof to the end of
this section. First, the finite-width argument needs a genericity statement that separates switch
locations and excludes cancellation along an active downstream path. This statement also ensures

that the activation partition can be described by finitely many isolated switches.

Lemma A.2 (Finite Gaussian geometry). For every fized finite architecture, there is an event of
probability one on which, simultaneously for all layers, the following properties hold.

(i) Each set By is finite, and every hidden activation is affine on each cell in Cy N .
(ii) No layer-£ preactivation vanishes at a point of By_1 n, every zero in a cell of Ci—y n is isolated
and sign-changing, and no two distinct neurons switch at the same input point.
(iii) If a switch has an active downstream path to the output, then its downstream sensitivity is
nonzero.

The preceding geometry converts switch locations into exact identities for the activation partition
and the scalar kink set. These identities isolate visibility as the only remaining difference between

switches and scalar kinks.

Lemma A.3 (Switch counts and scalar kinks). On the event in Lemma A.2, we have #Pn(I) =
1+Sn(I), Rn(I) = Vn(I), and fiy , (to) = fx,_(to) = Du(to) (R} ;  (to) —hy; _(to)) for every switch
to Ofu = (‘67])

The theorem now follows from the partition identity and two central propositions. The first
proposition, whose proof will be given in the next section, gives the expected number of switches,
while the second shows that switches that are not visible at the scalar output make a negligible

contribution.

Proposition A.4 (Expected number of activation switches). In the centered Gaussian fully
connected model of Section 2, assume fixed hidden depth L and the proportional-width regime defined
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there. Then, for every compact interval I = |a,b],

L

ESy(I) = ;nf /1 pe(t) dt + o(N).

Proposition A.5 (Negligibility of invisible activation switches). Assume the centered Gaussian fully
connected model of Section 2. IfESx(I) = O(N) and N 3% 27" — 0, then B[Sy (I)— Vi (I)] — 0.

Proof of Theorem 2.1. By Proposition A.4, we have ESy(I) = ZZLZI ng [; pe(t) dt + o(N). In par-
ticular, ESy(I) = O(N). Since the widths are proportional to N, we have NZle 27" — 0.
Therefore, Proposition A.5 gives E[Sy(I) — Vn(I)] — 0.

Lemma A.3 gives Ry(I) = V() almost surely. Taking expectations gives ERy(I) = EVn(I) =
ESN(I) + o(1). This gives the stated o(IN) asymptotic after inserting the asymptotic formula for
activation switches. Dividing by N and using ny/N — «y gives the equivalent normalized limit. [

Proof of Lemma A.3. Between two consecutive points of By, ny every gate is constant, so every
hidden activation and the scalar output are affine. At a point of By, n exactly one preactivation
changes sign. Crossing the point therefore changes exactly one entry of the activation vector, and a
finite set of Sy ([) distinct interior switch locations divides I into 1 + Sy (/) activation intervals.
Near a switch of u, all other gates are fixed. Repeated substitution through the downstream affine
maps makes the scalar output an affine function of hy ; with coefficient D, (o), plus terms whose
derivatives agree on the two sides. Taking one-sided derivatives gives the displayed jump identity.
The local derivative jump of hy ; is nonzero because the zero is sign-changing with nonzero slope.
Finally, a continuous piecewise-affine scalar function has a maximal affine boundary precisely where
its two one-sided derivatives differ. Hence, the number of its affine regions is one plus the number of
visible switches. (]

Remark A.6 (Activation switches and inherited kinks). Figure 1 separates four facts used below.
The preactivation zo 1 inherits kinks from the first layer at ¢ = —2,0, 1, but it does not vanish there.
The finite Gaussian geometry established below shows that inherited kink locations are almost
surely not zeros of a later preactivation. Thus, Ny (/) counts only the new sign-changing zeros
t = —1.5,0.75,1.4, and each switch in Sy (/) belongs to the unique neuron whose preactivation
vanishes.

Every kink of the scalar output nevertheless originates from a switch in some hidden neuron. In
panel (c), the kink of hg 1 at ¢t = 0 is inherited from the switch of hi 2 and passes through an open
gate. Affine combinations create no new breakpoints, while a ReLLU creates a new breakpoint only
when its argument changes sign. Hence, every hidden kink, and therefore every kink of fy, occurs at
a switch. At a new sign-changing zero of 231, the one-sided derivatives of hg 1 differ. Whether this
local kink reaches the scalar output is determined by the downstream sensitivity in Definition A.1.
Closed gates erase inherited kinks, as at t = —2 and ¢t = 1 in the figure; the visibility estimate below
shows that the expected number of switches erased in this way is negligible as the widths grow.

Proof of Proposition A.5. Fix 1 < ¢ < L—1 and condition on Fy. On the event of Lemma A.2, order
the layer-f switches increasingly by input location, using the neuron index only as a deterministic
rule for breaking ties. This gives an Fp-measurable list 11, ..., Ty, where M = Zj Ny ;(I). Fix
T, and let A,,, be the event that all neurons in a downstream layer r > ¢ are inactive at
Ty Since T, is Fr—i-measurable, conditional on F,._; the variables 2, (T)n), 1 < k < n,, are
independent centered Gaussians with conditional variances at least 8,. Their signs are therefore
independent and fair, so P(A,,, | Fr—1) = 27"". Since F; C F,_1, the tower property then gives
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P(Aym | Fr) = E[P(Aym | Fro1) | F¢] = 27" . If none of the events A, ,, occurs, choose one active
neuron in each downstream hidden layer. Full connectivity joins these neurons to the switching
neuron and the output, giving an active path. Lemma A.2 makes its downstream sensitivity nonzero,
and Lemma A.3 then makes the switch visible. Consequently, an invisible switch is contained,
up to a null set, in Uf:g +1 Arm. The conditional union bound and conditional linearity over the
measurable finite list give

E[#{invisible activation switches in layer ¢} | 7| < Z 27" Z No;i(I
r=_+1

For ¢ = L, the direct edge to the output is active and its coefficient is a;/\/nz, # 0 almost surely, so
every switch in the last layer is visible. Summing the displayed estimate over £ =1,...,L — 1 and
taking expectations yields

1

L
E[Sn(I) = V()] <

L L
> 2 ”TEZNM <> 27 ™ESN(D).
r={+1

r=1

~
Il

By the assumptions of Proposition A.5, the right side tends to zero. [l

Proof of Lemma A.2. We first prove (i) and (ii) by induction over the layers. In layer one, z; ;(t) =
bij + wy jt. Since (b1, w1 ;) has a nondegenerate density, wi; # 0 almost surely, each neuron
has at most one isolated sign-changing zero, and the determinant associated with a common root
b1 jw1 r — by w1 ; is a nontrivial polynomial for j # k. Thus, two first-layer neurons have a common
zero with probability zero.

Suppose the result holds through layer £ — 1 and condition on F;_;. The set B,_; y is finite. On
a cell C € Cy_1 n, write hy—1(t) = pi,c + ¢i,ct. The restriction of a new preactivation is

2,5(t) = Ujo + Vjet, Var(Vic | Fi1) 72%0_ Qc-

If Qo =0, then Vj ¢ = 0 almost surely, while U; ¢ has conditional variance at least 3;; hence, the
restriction has no zero almost surely. If Q¢ > 0, the independent bias gives det Cov((Uj.c, Vj c) |
Fi—1) > BeQc > 0. Consequently, the restriction is not identically zero and any root in C' has nonzero
slope. For two neurons in the current layer, the condition for a common root is U; cVi.c —Uk.cVjc =
0. When Q¢ > 0 this determinant is a nontrivial polynomial in two independent nondegenerate
Gaussian pairs, so it vanishes with probability zero. At any s € By_1 n, the conditional variance of
zg.j(s) is at least (B, and hence 2, j(s) # 0 almost surely. A finite union over cells, neurons, and
boundary points proves the induction. In particular, each neuron in the current layer adds at most
one switch per old cell. On every resulting subcell the sign of each new preactivation is constant, so
its ReLLU activation is either zero or the same affine function. This also proves the affine assertion
in (i).

It remains to prove (iii). Fix a layer-¢ switch ¢y of u = (¢, j) and condition on Fy; by ordering
the finite switch set first by location and then by neuron index, this conditioning can be made
simultaneously for every switch. The downstream weights, biases, and output weights form a
finite-dimensional Gaussian vector with a density. Successive conditioning on the preceding layer
shows that no downstream preactivation equals zero at ty almost surely. Outside the null sets on
which a downstream preactivation vanishes, partition the parameter space according to the complete
downstream gate vector g. On a fixed gate region €4, the identities h,,(to) = grr2ri(to) show
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recursively that all preactivations at ¢y are polynomials in the downstream parameters. Thus, ), is
described by finitely many strict polynomial inequalities.

On Qg, we have Dy(to) = > .uout (He@r Cewe> (Hvew\{u,out} gv), where the positive constants
ce are the width normalizations. This is a polynomial. If g contains an active path, choose one such
path. Its edge monomial occurs with a nonzero coefficient and cannot be produced by a different
path, since two distinct paths use different edge variables at their first divergence. The polynomial
is therefore nontrivial. Its zero set has Lebesgue measure zero, and hence Gaussian probability zero.
There are finitely many gate vectors and finitely many switches. Taking the corresponding finite
unions proves (iii). O

APPENDIX B. PROOF OF PROPOSITION A.4: EXPECTED ACTIVATION-SWITCH COUNT

This section proves Proposition A.4 from three inputs. The conditional Kac—Rice formula gives
an exact finite-width expression for one neuron’s switch count, uniform fourth moments provide
the integrability needed to average that expression, and propagation of empirical ReLU moments
identifies the deterministic covariance limit. We state all three inputs first and then derive the
proposition before proving them. The conditional Kac—Rice proposition itself is reduced afterward
to an elementary piecewise-affine Gaussian zero formula. For 2 < /¢ < L and 1 < j < ny, define the

conditional covariance quantities on the cells in Cy_q y by
Se,n(t) = Var(ze;(t) | Fe1),
Qun(t) = Var(zé,j(t | Fo-1),
Ryn(t) = Cov(z:g?j(t),zéd(t) | Fo—1).

The next proposition is the exact finite-width input to the large-width switch-count calculation.

)
)

It expresses the conditional expected switch count entirely through the quantities defined above.

Proposition B.1 (Conditional Kac—Rice formula at finite width). Fiz 2 <{ <L and 1 < j < ny.

Conditional on Fy_1,
Qen(t Rz N ()2
E[Ne;(I) | Fer] = /\/SEN SZN(t)> dt.

For ¢ =1, the corresponding formula is EN1 ;(I) = f[ VB /(81 +nt?)] dt.

We recall the notation Ay, By and py defined in Section 2. For every fixed deterministic ¢,
Lemma A.2 and nondegeneracy of the preactivations imply that ¢ is an activation boundary with
probability zero. Consequently, our derivative convention satisfies hj ;(t) = 2 ;(t)1{z¢;(t) > 0}
almost surely. Put k1 n(t) := p1(t), and for £ > 2 set, off By_; v,

e () 1= \/Q“V“) - (Ban(®y?

Sen(t) Sen (1)

Set kg, y = 0 on By_; y; these finitely many values are immaterial for all integrals below. The second
input controls the tails of the preactivations and their derivatives uniformly on the compact interval.

It supplies the uniform integrability needed when the random Kac—Rice density is averaged.
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Lemma B.2 (Moment bounds). For every fized layer £ and every compact interval I,

sup supIEl[]zé,l(tﬂ4 + |2271(t)|4] < 0.
N tel

Consequently, E[hg1(t)*] and E] ’m(t)‘l], as well as E[h(}l(t)Qh/e?l(t)ﬂ, are uniformly bounded in N
and t € 1.

The third input identifies the deterministic covariance data that enter the Kac—Rice density. For

fixed t € I, write My n(t) for the vector of empirical ReLU moments
1 1 1
My n(t) == (W Z he ;i (t)?, o Z h’&j(t)?, o Z hej (t)hgd(t)) .
J J J

Proposition B.3 (Propagation of covariance moments). Fiz t € I. Under the regime of fized depth
and proportional widths, for every £ > 1, in probability and in L',

1 1 1
My n(t) — (§(Ae + Byt?), 5347 5342‘), (Sen (), Qe (t), Ren(t)) — (Ag + Byt?, By, Byt)

for the covariance vector whenever £ > 2.

The three stated inputs now determine the switch-count asymptotic. The Kac—Rice identity
reduces each layer to the expectation of its random intensity, the covariance limit identifies the
pointwise deterministic density, and the moment bound supplies uniform integrability and dominated
convergence.

Proof of Proposition A.4. Fix a layer {. Proposition B.1 gives ENy (1) = [; Ery n(t) dt; for £ =1
this uses k1,5 = p1, and for £ > 2 it follows by first conditioning on F,_;. Proposition B.3 implies,

for each fixed ¢, that the covariance triple converges in probability to (A, + Bet?, By, Byt). Since its
first coordinate is positive, continuity of the Kac—Rice integrand gives

(1) — 1 By Bt? — pult)
KgN 7w\l Ag+ Bet?2  (Ag + Bpt?)2 pe

in probability. It remains to justify passage to expectations and integration. For £ > 2, the positive

bias variance and Lemma B.2 give the quantitative chain Exy y(t)? < ]E?fége(t) = W;’%l Ehj_; ,(t)* <
Cy,

ken(t) 5 po(t) = Ergn(t) = pe(t), and  ENgy(I) = /[Effe,zv(t) dt — /Ipz(t) dt.

The second line uses uniform integrability, and the third uses dominated convergence; the same L?
bound gives a deterministic integrable bound for Exg n(t) on the compact interval I. For £ =1,
the identity is exact. Exchangeability within each layer and fixed L therefore give ESy(I) =

Sy BN (1) = Sty ne [; pe(t) dt + o(N). O

We next prove the three inputs in the order in which their additional arguments arise. The
conditional Kac—Rice proposition uses one auxiliary zero-count identity for a deterministic piecewise-
affine Gaussian field. The remaining two inputs are then proved by moment induction and conditional
laws of large numbers.

Its proof reduces to a deterministic piecewise-affine Gaussian field. Let fi,..., fn be deterministic

continuous piecewise-affine functions on I = [a,b] with a common finite affine partition, and let
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¢, &, .., &m be independent centered Gaussian variables with Var(¢) = 72 > 0 and Var(§;) = v?.
Write Z(t) = ¢ + Y0, & fi(t) and, at differentiability points, define S(t) = 72 + Y, v2 fi(t)?,
Q) =X, v2fl(t)?, and R(t) = >, v? fi(t) f/(t). The auxiliary formula below computes the expected

number of zeros from these quantities.

Lemma B.4 (Piecewise-affine Gaussian zero formula). Under the preceding setup, we have

E[#{t € (a,b) : Z(t) = 0}] = /\/— 7) dt.

Proof of Proposition B.1. Conditional on Fy_1, Lemma A.2 gives a finite partition on which the
functions h,_; ; are deterministic and affine. Moreover

ne—1

Z&j - bé,] + Z ’ﬂ he—1 5 t)

is a centered Gaussian process in the variables from the current layer (be ;, We i1, ..., Wy jn, ,), with
the bias variance 3, playing the role of 72. Lemma B.4, applied conditionally to this finite random
partition, gives the displayed integral. On a cell with ¢ 5 = 0 the restriction is a nonzero random
constant almost surely. On a cell with QQy xy > 0 the affine coefficient pair is nondegenerate, so every
zero has nonzero slope and is sign-changing. At each point of B,_; y the conditional variance of
2y; is at least 3¢, and hence the probability of a boundary zero is zero. The finite conditional zero
count therefore equals Ny ;(I) almost surely.

For ¢ = 1, write b1 ; = /1 X and Wy ; = V1Y, where X and Y are independent standard
Gaussian variables. The unique zero of by ; + Wi ;t is T = —y/B1/71 X/Y . Since the ratio X/Y
has the standard Cauchy law, 7' has density v/B171/[7(81 +71t%)]. The switch count Ny ;(I) is the
indicator that 7' lies in the interior of I, up to the null event W; ; = 0 and the endpoint null events.
Integrating this density over I gives the first-layer formula. ([l

Proof of Lemma B.j. Let a = s9 < -+ < sg = b be a common affine partition. On Cy = (sx_1, Sk)
write Z(t) = Uy + Vit. Since ¢ enters Uy with coefficient one and does not enter Vi, the Cauchy—
Schwarz inequality gives, for t € C,

2
SHQ(t) — R(t)* = Q1) + (Z vffi(t)2> (Z vff{(t)2> - (Z v?fi(ﬂfi@)) > 72Q(1).
7 7 7

Here, Q(t) = Var(V}) is constant on Cy. If Q(t) = 0, then Vj, = 0 almost surely, whereas U}, has
variance at least 72; the cell therefore contains no zero almost surely. If Q(t) > 0, the displayed
inequality shows that (Ug, Vi) is nondegenerate and the affine restriction has at most one zero. A
zero at t € Cj, occurs exactly when Uy = —tV}. Thus, the expected zero count can be obtained by
integrating the joint density of (U, Vi) over the pairs (u,v) for which u + vt = 0 for some t € Cy,.

Parameterize these pairs by (t,v) through (u,v) = (—tv,v). The absolute value of the Jacobian
of this parameterization is |v|. Hence, E[#{t € C} : Z(t) = 0}] = Jo, Jr Ivlpu, vi (—tv, v) dvdt.
For fixed t, the linear change of variables (u,v) +— (z,v) = (u + tv,v) has Jacobian one, so
pU Vi (=10, v) = Pz, v, (0,v). Factoring the latter joint density into the marginal density of Z(t)
and the conditional density of Vj, given Z(t) = 0, we therefore obtain E[#{t € Cj, : Z(t) = 0}] =
/. e 2A0) (0)E[|Vi| | Z(t) = 0] dt. This is the Kac-Rice identity in the present affine setting. The
factor pZ(t)(O) measures how much probability mass the field places near zero at t, while the
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conditional factor E[|V}| | Z(t) = 0] weights a zero by the speed at which the affine restriction
Crosses zero.

Since (Z(t), Vi) is a centered Gaussian pair with variances S(¢) and Q(t) and covariance R(t), the
conditional law of V} given Z(t) = 0 is centered Gaussian with variance Q(t) — R(t)?/S(t). Hence,

b = — BV 20 = 0) = /2 QT - FOPTS0)

27S(t)

and their product is 71 [Q(t)/S(t) — (R(t)/S(t))?]'/2. Finally, Z(s;) has variance at least 72 at
every partition point, so none of the partition points is a zero almost surely. Summing over the cells
proves the formula. The same argument excludes an identically zero restriction: for () > 0 the pair
(Uk, Vi) has a density. O

We now prove the auxiliary estimates.

Proof of Lemma B.2. The claim is immediate in the first layer because 21 1(t) = b11 + w11t and
211(t) = w11 are Gaussian with variances bounded uniformly for [¢| < sup;c; [¢|. Assume the claim
in layer £ — 1 and fix t € I. Outside a null event at this fixed input, the conditional variances and
fourth moments satisfy Q¢ n () = 237, hy 4 ,;(t )2,

Neg—1

Sen(t) = 5e+ thlz ;

Elog1(t)" | Feor] = 3Sen (), Elza (D) | Feor] = 3Qen(1)*.

2
- ,-(t)Q) < né: > he—1(t)%, and the same estimate holds
for the derivatives. Exchangeability and the induction hypothesis therefore bound the expectations
of Sp.n(t)? and Qg n(t)? uniformly in N and t. The inequalities |, 1| <|zg1| and |h2 1 < lzg 4] give

the corresponding ReLU bounds, while E[hy (%) 2% 1(#)7] < V/Ehg1(t)4, /]Eh2 1(t)1) gives the mixed

bound. Setting the derivative to zero at points of nondifferentiabihty cannot increase any of these
moments. g

Jensen’s inequality gives (ng,l

Proof of Proposition B.3. We argue by induction on ¢ for the fixed input ¢. In the first layer, we
have (zm(t),zi’j(t)) = (b1,j + wi jt, wy5), IE[Z_QF] = %Var(Z), E[(Z))*1{Z > 0}] = %Var(Z’), and
E[ZZ'1{Z > 0}] = 1 Cov(Z, Z') for a centered Gaussian pair (Z,Z’). The ordinary law of large
numbers, together with Lemma B.2, gives the stated convergence in L?, and therefore in probability
and L'. Suppose the empirical limits hold in layer ¢ — 1. Conditional on Fy_;, the pairs in layer £
are independent and identically distributed centered Gaussian, and

Sen(t) = Be+ —— Zhe 1i(t)7, Elhe(t) | Fo1] = 3Sen(t),
Qun(t) = 7= Z EOR Bl (1)? | Fea] = 5Qen(0)
Rew(t) = 1 th L1 4(8), Bl (e (8) | Fer] = $Ren(t)

The induction hypothesis and the recursions for Ay and By give convergence of the covariance triple
to (Ag + Byt?, By, Byt) in probability and L!'. Conditional independence and Lemma B.2, applied to
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the three components of My n(t), yield

E|| Men (t) = E[Men(#) | Foalll* < (jff
E[ME,N(t) | Fo1] = % SévN(t)vQ@,N(t),ngN(t)),

E||Mn(t) — 3(A¢ + Bet?, By, Byt)|| Ly E||(SZN7QZN7RZN)

— (Ag + Bgt2, By, Bgt)” — 0.

Hence, M, n(t) — %(Ag + Byt?, By, Bgt) in L' and therefore in probability. This completes the
induction. O

APPENDIX C. PROOF OF THEOREM 2.2: HIGHER DIMENSIONS

We now prove Theorem 2.2 using the notation introduced in Section 2.2. The argument has
four inputs: finite polyhedral geometry, an exact conditional surface formula, propagation of
the covariance matrices, and a visibility estimate for the scalar kink set. We state these four
propositions first, derive the theorem immediately from them, and then prove the geometric and
probabilistic inputs. Let I be the finite set of hidden neurons, ordered first by layer and then by
neuron index, and let £ € {0,1}¥. Replace each ReLU gate by multiplication by the corresponding
coordinate of €, and define the resulting affine functions z;, and hj, recursively. Thus, hf = e,2;,
and 25 (z) = a5, + (¢, x), where the coefficients are polynomials in the finite parameter vector of the
network. Set Cp = DN{x : miny ey (26,—1)25(z) > 0}, and C. = DN{z : miny ey (26,—1)25(z) > 0}.
The second set is obtained by replacing the strict inequalities by weak ones; since D is open, it
need not be the topological closure of C.. If g, = 0, let €“ be the mask obtained by changing only
the coordinate u to one, and put F., = D N {z; = 0} N {min,,,(2¢, — 1)z > 0}. On {z, = 0},
the affine functions associated with ¢ and €* agree for every neuron other than u. Every regular
switching facet of the realized network therefore appears in exactly one of the finitely many sets
F. ,, with e, = 0. The first central proposition turns this deterministic mask representation into the
generic finite polyhedral geometry used by the remaining arguments. Let % denote the union of
all faces of this masked polyhedral decomposition of dimension at most d — 2, and write © < v when
u belongs to an earlier hidden layer than v. For a mask € and hidden neuron w, let DS denote the

downstream sensitivity obtained by freezing all downstream gates according to €.

Proposition C.1 (Finite polyhedral geometry and Gaussian genericity). For every fized finite
architecture, almost surely, the following assertions hold simultaneously for all masks € and hidden
neurons u,v. FEvery nonempty cell C; is full dimensional, so dim C; = d, and the realized and
masked networks agree there: (zy, hy)|c. = (25, hS,)|c. for every hidden neuron w. No masked
preactivation vanishes identically, that is, (a5, g5) # (0,0), and every nonempty switching facet
satisfies g;, # 0 and F;,, C {z € D :af + (¢5,x) = 0}.

Distinct hidden-neuron boundaries meet only in codimension at least two: if u # v, then
dim(Z,(D) N Z,(D)) < d — 2 and H* Y (Z,(D) N Z,(D)) = 0. Moreover, H ' (SN) = 0, and if
u < v, then HI1(F. wN{z, =0}) =0. Finally, whenever F., # @ and € contains an active path
from u to the output, we have D5, # 0.
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Recall from Section 2.2 that Z,;(D) = Z,(D) = {x € D : z (x) = 0} is the activation
boundary of the neuron u = (¢, ), and that Sy 4(D) in (3.3) sums the H9~! measures of these
boundaries over all hidden neurons. At points where the preceding activations are differentiable,
define Sy y(z) = Var(zej(z) | Fe-1), Ren(x) = Cov(zj(z), Vzej(z) | Fe-1), and

Ryn(2)Ryn(2)T
Sen(x)
Here R n(z) is a column vector. On the finite union of cell boundaries, these quantities may be
defined arbitrarily. Put
d 1

KD (@) = ——F||Gen(@)],  Gen(z) | Fooy ~ N(O,Tyn(2)).
’ 2SN (7)

Cin(x) = Cov(Vze;(x) | Foo1), Ten(x) =Con(x) —

For the first layer, the same notation refers to the deterministic covariance quantities of by j+ (W1 j, z).
The second central proposition expresses the expected surface measure of one activation boundary

through these conditional covariance quantities.

Proposition C.2 (Conditional Kac—Rice formula in fixed dimension). For every 1 < ¢ < L and
1 < j < ng, we have E[H¥"Y(2,;(D)) | Foa] = [ Iiéd])v(ﬂj) dx, where the conditioning is omitted
for £ =1.

For fixed x € D, define Mé(%(a;) = 1 jhej(x z)?, and
Zhg] ©)Vhy (), and M3 (z ZV]”L(] )Whej(x)T.

The second quantity is a column vector and the third is a symmetric matrix. The third central
proposition propagates these empirical moments and identifies the deterministic covariance limit of

the surface density.

Proposition C.3 (Propagation of the covariance matrices). For every fized x € D and every layer
¢, in probability and in L',

1

= (s¢(x), Bex, Bely) .

(MO (), M), MZ ) —
Consequently, (Sen(z), Ron(z), Con(z)) — (se(x), Bez, Bely) in probability and in L.

The fourth central proposition identifies the codimension-one scalar kink set and bounds the surface
measure lost through inactive downstream layers. It is the step that transfers the activation-boundary

asymptotic to the scalar output.

Proposition C.4 (Visible facets and the scalar kink set). On the event in Proposition C.1, the
part of codimension one in Ry (D) is the union of the regular switching facets whose downstream
sensitivity is nonzero. This union is disjoint up to a set of zero H4 ' measure, and

E[Sna(D) — HH(Rn(D ZQ "ESn,q(D).

In particular, if B[Sy 4(D)] = O(N) and N Y 277 — 0, then the left side tends to zero.
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Proof of Theorem 2.2. By Proposition C.2, the expected measure of one activation boundary is
the integral of its conditional surface density. Proposition C.3 and the moment bounds proved
below show that, for every fixed layer and x € D, the expectation of this density converges to
ped(z) and is bounded by a constant independent of N and z. Dominated convergence therefore
gives E[H?1(241(D))] = [}, pea(z) dz + o(1). Exchangeability within each layer and the fact
that L is fixed yield E[Sy 4(D)] = Zle ng [ ped(z) dz + o(N). The integrals are finite because
D is bounded and A; > 0, so ESy 4(D) = O(N). Proposition C.1 shows that the intersections
of distinct switching hypersurfaces and the lower-dimensional skeleton have zero H¢ ! measure.
Proposition C.4 therefore identifies the remaining visible facets with the part of codimension one in
the scalar kink set. Since proportional widths imply N )" 27" — 0, the estimate in that proposition
gives E[Sn (D) — H*}(Rn(D))] — 0. The hidden-boundary asymptotic is the auxiliary estimate.
Substitution into it gives the scalar kink-set asymptotic stated in Theorem 2.2. All sets are measured
inside the open domain D, so no term from 9D appears. ([l

C.1. Proof of auxiliary results. We now prove the stated auxiliary results. We first prove the
genericity proposition. The deterministic masks index all exceptional events before the network
parameters are sampled. The same representation will later identify the regular switching facets

used in the visibility argument.

Proof of Proposition C.1. Fix a mask € and a hidden neuron u. Once the gates are frozen, repeated
substitution through the network shows that the masked preactivation is affine, with coefficients
that are polynomials in the network parameters. Moreover, on C. the frozen gates agree with the
realized gates, so the masked and realized networks coincide there:

@) = al+ (gha),  BS0) =euf@), (zeho)le, = (25, B)le, for every v.

To exclude an identically zero masked preactivation, set Q. ., = (a5)%+ ||¢5||>. The bias b, enters aS,
with coefficient 1, so Q¢ is a nonzero polynomial. Since the joint Gaussian parameter vector has a
density, its zero set has probability 0. Hence, outside a finite union of null sets, every nonempty
F, ., is a relatively open subset of a genuine affine hyperplane with nonzero normal.

We next rule out coincident facets. Consider distinct neurons u and v, first with v not earlier
than u. If two candidate hyperplanes agree on a relatively open set, their affine coefficient vectors
are proportional. Choose a coordinate r with g, # 0 and define P, vy = g5 .00 — gd,r05.
Coincidence of the two hyperplanes forces P, . = 0. However, OP. ;4 v,r/0b, = Gor £ 0, 80
this polynomial is nontrivial and therefore vanishes only on a null set. Thus, distinct activation
boundaries cannot share a relatively open facet. Their intersection has dimension at most d — 2,
and hence H4~1(Z,(D) N Z,(D)) = 0. The same argument, with u in an earlier layer and v in a
later layer, shows that a later preactivation cannot vanish on a relatively open part of an inherited
facet. Taking the finite union over all lower-dimensional faces also gives H?~1(.#y) = 0.

It remains to exclude cancellation along an active downstream route. After the downstream gates

are frozen, the sensitivity of u is the polynomial D5 =% . . (Hee7r cew6> (HUEW\{H’OM} Ev>.
If € contains an active path from w to the output, the monomial corresponding to that path has
nonzero coefficient. No different path produces the same monomial, because two distinct paths differ
in an edge variable at their first divergence. Thus, D¢ is a nonzero polynomial, so P(D¢ = 0) = 0.
A finite union over masks and neurons proves the assertions. O

The conditional surface formula is the higher-dimensional analogue of the 1D zero-count identity.

Its geometric input is the coarea formula; Federer gives the classical geometric-measure-theoretic
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treatment [10], while Hanin and Rolnick use coarea at finite width to study boundary volume in
random ReLU networks [15]. The additional point here is that the inherited polyhedral skeleton
must not contribute (d — 1)-dimensional measure to the zero set. We therefore isolate the exact
piecewise-affine Gaussian identity needed for the network proposition and then verify it cell by cell.

Let P be a finite polyhedral complex in R%, let D € RY be bounded and open, and let fi,..., fm
be continuous functions that are affine on every full-dimensional cell of P. Let (,&1,...,&, be
independent centered Gaussian variables with Var(¢) = 72 > 0, and define Z(z) = ¢ + Y, & fi(x).
At points in the relative interiors of the full-dimensional cells, define S(x) = Var Z(z), R(x) =
Cov(Z(x),VZ(x)), and C(z) = Cov(VZ(x)). The next lemma gives the exact surface identity

needed for the conditional network calculation.

Lemma C.5 (Surface formula for a piecewise—aﬂine Gaussian field). Under the preceding setup,

E[H" ' ({zeD: Z(x E[||N(0,C(z) — R(z)R(z)"/S(z))|] da.

/ \/2775’
The values of the integrand on the lower-dzmenszonal skeleton may be chosen arbitrarily.
Proof of Proposition C.2. Condition on F;_1. The preceding activations are deterministic functions

that are affine on the cells of the finite complex from Proposition C.1, while zy;(z) = by; +
Z Wy jihe—1,i(x). The bias b ; has variance 5, > 0, so for almost every realization of the

Wl

preceding layers the hypotheses of Lemma C.5 hold. Applying that lemma to the conditional Gaussian
law of the current-layer parameters gives the asserted identity. In particular, the codimension-one
faces inherited from preceding layers contribute zero surface measure by the final part of the lemma,
so only the zero sets inside the full-dimensional cells enter the integral. The first layer is the same
argument with one global affine cell. O

Proof. Fix a full-dimensional cell and write Z(z) = U + (V, x) on its relative interior. The Gaussian
law of V' may be singular. Since ¢ occurs in U and not in V, the conditional law of U given V has
variance at least 72. For v # 0, the coarea formula applied to x +— U + (v, z) gives, for every Borel
set E in the cell,

B[ (U + (0) = 041 B) |V =] = [ Pollpuiyms(—(0,2) d.

When v = 0, the zero set is empty almost surely because the conditional law of U is nondegenerate,
and both sides vanish. Integration with respect to V and the Gaussian conditioning formula give
Pz@) (OE[VIl | Z(x) = 0], which is the stated integrand. This is the exact higher-dimensional
analogue of the 1D identity above: the absolute slope |V| is replaced by the gradient norm ||V,
because the coarea formula converts that norm into (d — 1)-dimensional surface measure.

It remains to check that summing over full-dimensional cells does not lose surface measure on the
skeleton. Faces of dimension at most d — 2 have zero H%~! measure. Let F be a face of dimension
d— 1. The restriction of Z to the affine hull of F' is affine. Unless this restriction vanishes identically,
its zero set in F is contained in an affine set of dimension at most d — 2 and therefore has zero H4 !
measure. Thus, a positive surface contribution from F' is possible only when Z vanishes identically
on F. Choosing any deterministic point zr in the relative interior of F', this event is contained in
{Z(xr) = 0}. Since Var Z(xr) > 72, it has probability zero. There are only finitely many faces,
so the entire skeleton contributes zero surface measure almost surely. The relative interiors of the
full-dimensional cells are disjoint, and the openness of D removes any contribution from 0D. [
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We next prove Proposition C.3 and evaluate the limiting surface density. At a point where an
activation is not differentiable, we set its gradient equal to zero. For every fixed deterministic x,
each preactivation has conditional variance at least its positive bias variance, so the probability that
x lies on any switching hypersurface is zero. The convention therefore does not affect identities
at a fixed input. For every fixed layer ¢, we have supy sup,cp E[|z¢1(2)|* + ||[Vze1(2)[*] < oc.
The assertion is immediate in the first layer. Conditional on Fy_q, the preactivation is Gaussian

with variance Sy n and its gradient is a centered Gaussian vector with covariance Cy y. Hence,

E[zzlyl | Fi1] = 3S§,N and E[||Vze1||* | Fro1] < 3(trCpn)?. The exact covariance formulas
are Syn(xz) = B+ anl Sihe—1i(2)?, Ren(z) = anl Y oihe—1i(x)Vhe_yi(z), and Cyn(z) =

anl > th_l,i(ac)th_Li(x)T. Jensen’s inequality and the induction hypothesis bound the ex-
pectations of S?y and (tr Cpn)? uniformly in N and z. Since |h| < |z| and ||[VA]|| < [|[Vz|, the
same bounds hold for the activations. Cauchy’s inequality also gives the required uniform bound for

E[r?|[VA]].

Proof of Proposition C.3. For £ = 1, the pairs (z1;(x),Vz1(x)) = (b + (Wi ,z), Wy ) are
independent centered Gaussian pairs with covariance data (si(x), Biz, B1l;). For every centered
Gaussian pair (Z,G), central symmetry gives E[Z2] = 1E[Z?%], E[ZG1{Z > 0}] = iE[ZG], and
E[GGT1{Z > 0}] = LE[GGT]. The ordinary law of large numbers and the fourth-moment bounds
prove the first layer assertion in L?. The first-layer covariance vector is deterministic and already
equals (s1(z), Bz, B11g).

Suppose the conclusion holds through layer £ — 1. Set M,y = (Mg(%,Mf(lj\),,Mﬁz,), Ven =
(Se.ns Renv, Con), and vy = (s, Bex, Belg). Equip the product space with the sum of the absolute
value, the Euclidean norm, and the Frobenius norm. The exact covariance identities give

0 1 2
Vin = (Be+ WM(_)LN, wMg(_)l,N, ’YeM(_)LN)-

The induction hypothesis and the recursions Ay = By + v, A¢—1/2 and By = v By—1/2 therefore imply
VN — vy in L' and in probability.

It remains to control the empirical fluctuations within the new layer. Conditional on F;_1, the
neurons in layer ¢ are independent and identically distributed centered Gaussian pairs, so the
symmetry identities give E[My n | F¢y—1] = V¢ /2. Conditional independence and the Gaussian
fourth-moment bounds yield

C
E[HMAN — E[M&N | .7:3_1]H2 | ]:5_1] < ?Z(Sg’N + S&N tr Cg,N + (tl“ Cg7N)2).
Indeed, the scalar component is bounded by E[Z* | F,—1] = 357y, the vector component by
E[Z%|G||? | Fi-1] < 3Sen tr Cp n, and the matrix component by E[||G||* | Fy—1] < 3(tr Cy v)?. The
moment bounds above and the Cauchy—Schwarz inequality therefore give a constant Cy, independent

of N, such that E||My — E[M;y | Fr—1]||* < Cy/ny. Consequently,
1/2

E[Mgn — 3vil|l < Ziw + §EI|W,N —vyl| — 0.

N

Hence, My xy — v¢/2 in L' and therefore in probability. This completes the induction. ]
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It remains to pass from the covariance data to the surface density. Recall that I'yny = Cyn —

Ry NRY
% and I'y = Cy — . Since Sy n > B¢ and sy > (¢, we have

el g,

1
ITen —Tellr < ||Con — Collr + = 2
¢

Be

|ReNRL y —Terg || + — 84,

while ||R47NRZN — TZTZHF < (HR&NH + ||7"€H)”R€,N — r¢||. Proposition C.3 therefore gives F47N(:E) E)
I'y(x). Both matrices are positive semidefinite. Hence, continuity of the principal square root and
{Egﬂl“ G|| —Eg||I‘1/2GH’ < ||I‘1/2 1/2”F give ﬁ§d])\,( ) 5 pe.d(z), where Eg denotes expectation
only with respect to G ~ N(0, I;). The middle inequality, together with continuity of the principal

square root, records the only continuity input. Jensen’s inequality and I'y y < Cy v give

EtrC
< w, sup sup E[(x, ( ) (fU))Q] < 00, Eﬁgdj)\/(x) = prd(z).
27 By N z€D ’

Thus, the surface densities are uniformly integrable at each fixed input, and the same bound

gives a deterministic integrable majorant on the bounded domain D. Dominated convergence and

Proposition C.2 now yield

ENY(2,,(D)) = / Ex® (z) de —> / pra() da.
D ’ D

Finally, we now prove Proposition C.4. The geometric part identifies the codimension-one kink
set with the visible switching facets. The probabilistic part then conditions on a switching facet
and uses the probability that an entire downstream layer is inactive to bound the invisible surface
measure. The resulting estimate is the higher-dimensional analogue of the visibility bound used for

1D switch counts.

Proof of Proposition C.4. Work on the event of Proposition C.1, and remove from every switching
facet its intersections with other switching hypersurfaces and all faces of dimension at most d — 2.
The removed set has zero H%~! measure. On the remaining regular part of the facet of a neuron
u, only the gate of u changes. Freezing all downstream gates therefore gives ffg = Dyhf + g,
Iy =Duhy +9, Viy —Vfy = Du(Vhi —Vhy), and Vh} — Vhy, = £Vz, # 0. Hence, on regular
switching facets, V f]'\t =V fy if and only if D, = 0. Proposition C.1 also shows that all remaining
intersections form an H* !-null set and that distinct neurons do not share a relatively open facet.
Thus, the codimension-one part of Ry (D) is exactly the union of the regular switching facets with
D,, # 0, disjoint up to an H* !-null set.

Fix u = (¢,7) with £ < L, put p, = H* '] Z,(D), and condition on F;. For r > ¢, let A,(z) be
the event that every neuron in layer r is inactive at x. Conditional on F,_1, the signs in layer r are
independent and fair. If none of the events A, (x) occurs, full connectivity supplies an active path
from u to the output, so Proposition C.1 gives D, (z) # 0 outside a p,,-null set. Therefore P(A,(x) |

F¢) =27" and {D, = 0} C Ur o1 Ar pmace., and Efp, ({Dy = 0}) | Fo] < Z 27"y
r=0+1
For ¢ = L, the output weight is nonzero almost surely, so every regular last-layer facet is visible.
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Summing the preceding estimate over all neurons and taking expectations yields

L—1 ny

L
E[Sna(D) — HT( <> ) Z 2 ENT N (2,;(D)) <) 27"ESya(D),
r=1

(=1 j=1r=0+1

which proves the proposition. O

APPENDIX D. EXPLICIT CONSTANTS AND NUMERICS IN ONE INPUT DIMENSION

The recursion defining A, and By is affine in £ and can be solved in closed form when the variances
do not depend on the layer. Fix constants g > 0 and ~ > 0 and specialize to 8y = 8 and v, = y for
every £. The next corollary records the resulting closed forms and the corresponding integrated

switch intensity.

Corollary D.1 (Intensities for constant Variances) Under the constant-variance specialization above,
for every compact interval I = [a,b], we have [, py(t) dt = arctan(b\/Bg/Ag) —arctan( \/Bg/Ag)]

where
1— (2/2)
— 577 27
Bi=~(v/2)""", A= 1—~/2 7
B, v=2
For B=~=1 and I = [~1,1], the integral is 2~ " arctan((2¢ — 1)~/2); it equals 1/2 for £ =1, 1/3
for £ =2, and 27" arctan(1/v/7) =~ 0.2301 for £ = 3.

Proof. The recursion By = (v/2)By—1 with By = v gives the geometric formula, and A, = § +
(v/2)Ap—1 with A; = 8 is a geometric sum. The integral formula is the arctangent antiderivative
of the density of Cauchy form p,. For 3 =« = 1 the ratio simplifies to B;/A, = 1/(2* — 1), and
arctan 1 = 7 /4, arctan(1/y/3) = 7/6 give the stated values. O

For ~v < 2 the slope variance By decays geometrically while A, converges, so deep layers switch
rarely on a fixed interval; v = 2 is the threshold scaling at which B, remains of constant order. In
our normalization, v = 2 corresponds to the effective weight variance 2/n,_1 of the ReL.U-adapted
initialization of He, Zhang, Ren, and Sun [16], and the halving factor in the recursion is the same

half-space identity E[o(Z)?] = 1 Var(Z) that underlies their argument for preserving variance.

Remark D.2 (The constants as depth increases). For § = v = 1 and I = [—1,1], the identity
a]rctan((2z - 1)*1/2) = arcsin(2*£/2) rewrites the intensity integrals of Corollary D.1 as [, p; =
%arcsin(2_é/2). For equal widths ny = --- = ny = n, the leading term of Theorem 2.1 is therefore
crn with ¢f = %2521 arcsin(2*£/2), and ¢y, increases to co = %EZ’L arcsin(Zfe/z) ~ 1.6094.
Thus, at a fixed common width, the first hidden layer contributes n/2 expected kinks to the leading
count, while all deeper layers combined contribute at most about 1.11 n. The affine-region count is
larger by one. This is a statement about the deterministic constants only: Theorem 2.1 concerns
fixed depth, and no limit theorem in which the depth grows is claimed.

Two features of Theorem 2.1 can be tested directly. First, for L = 1 the leading term is exact
at every finite width: the case ¢ = 1 of Proposition B.1 is an identity, every switch in the first
layer is visible because its downstream sensitivity a;/,/n1 is nonzero almost surely, and Lemma A.3
then gives ERn(I) = ny [; p1(t) dt for every ny;. With f = v = 1 and I = [—1,1] this reads
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ERN(I) = n1/2, so the expected number of maximal affine intervals is 1 + n;/2. Second, for
L > 2 the theorem determines ERx(I) only up to an uncontrolled o(NN) correction, and the quality
of the affine-region prediction 1+ Y, ng |, ; pe at finite width is an empirical question. Table D.1
and Figure 2 report a Monte Carlo experiment with g = v = 1, I = [—1,1], and equal widths
n1 = --- =ng = n. All region counts are computed exactly by piecewise-affine propagation: switches
in the first layer are the roots —by ; /w1 j, switches in later layers are obtained by solving the affine
restriction of each preactivation on each inherited cell, and Ry (/) is the number of slope changes of
fn across the ordered switch locations; hence 1+ Ry () is the affine-region count. No discretization
of I is involved. The computations for Table D.1 and Figure 2 were carried out by the script
verify_theorem.py, with a fixed random seed recorded in the file.

The L = 1 rows agree with the exact value within Monte Carlo error at every width. For L = 2 and
L = 3 the difference between the measured expectation and the leading prediction stays below two
affine regions across all widths considered, although Theorem 2.1 only guarantees o(N); sharpening
this error bound is left open. The normalized counts in Figure 2 are close to their limiting values
over the displayed range. The contribution per neuron decreases with depth, reflecting the geometric
decay of By/Ay in Corollary D.1.

Remark D.3 (Widths that differ between layers). Theorem 2.1 allows the widths to have different
limiting proportions, and the equal widths in Table D.1 and Figure 2 are chosen purely for
presentation; for general widths the leading prediction weights the layer integrals by n,. The last
block of Table D.1 compares two allocations of the same budget N = 192 at depth L = 2 and
shows that the prediction is equally accurate for unequal widths. It also illustrates that transferring

TABLE D.1. Monte Carlo estimates of 1 +ERx(]), the expected number of maximal
affine intervals, for § = v = 1, I = [-1, 1], equal widths n;, = n, based on 2000,
1000, and 600 independent networks for L = 1,2, 3; the last block compares two
unequal allocations of the same total width N = 192, based on 500 networks each.
The theory column shows 1+ 3 ,ny [ 7 pe: for L =1 this value is exact, while for
L > 2 it is the leading prediction of Theorem 2.1.

L n N 1+ ERN(I) (MC) theory
1 16 16 8.94 £ 0.05 9

1 64 64 33.08 £0.09 33

1 256 256 129.15 + 0.17 129
2 16 32 14.16 = 0.11 14.33
2 64 128 53.92 £0.21 54.33
2 256 512 213.79 £ 0.43 214.33
3
3
3
2
2

16 48 17.48 +0.18 18.01
64 192  68.72+037  69.06
128 384  136.02+0.50  137.11

(128,64) 192  86.17 +0.36 86.33

(64,128) 192  74.71+0.42 75.67
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neurons toward earlier layers increases the expected count, in line with the strict decay of |, ;pein
from Corollary D.1.

APPENDIX E. NUMERICAL VERIFICATION IN HIGHER INPUT DIMENSION

Section D verified Theorem 2.1 for a scalar input. We now verify Theorem 2.2 directly, for input
dimensions d = 2, 3,5. The quantity to be estimated is a (d — 1)-dimensional Hausdorff measure.
Locating the activation boundaries by evaluating the network on a regular lattice covering D is
not practical beyond d = 2, because the number of lattice points needed to resolve a surface at a
fixed accuracy grows exponentially in d. We therefore estimate the measure through the Crofton
representation of Section C, which expresses it by 1D zero counts of the kind already used in
Section B.

E.1. Observation domain and Crofton estimator. We choose a radially symmetric observation
domain so that the theoretical surface integral can be evaluated accurately without introducing
another high-dimensional numerical approximation. The same symmetry also makes the Crofton
sampling distribution particularly simple. We first record the scaling of the theoretical integral and
then describe the line-based estimator used in the experiments. Throughout this section D = B(0, R)
is the open ball of radius R centered at the origin. Since p;4(z) depends on z only through ||z||,
the integral | p Pe.d dx reduces to a 1D radial integral, which we evaluate by quadrature.

A bounded domain is not a matter of convenience here. As ||z|| — oo one has sy(x) ~ By|z|?
and Ay/s¢(x) — 0, so

pra) ~ o Ca = L)

]I’ NaYCO)
and therefore fRd pe,qadz = oo for every d > 2. For d = 1 the transverse term is absent, p,(t) decays
like t=2, and the integral over the whole line converges. This is why the 1D statement admits a
global constant while Theorem 2.2 is stated on a bounded convex domain.

Fixing R = 1 costs no generality. Substituting z = Ru gives

(E.1) / ped|Ae, Be) do = Rdl/ pea[Ae, BeR?] dz,
B(0,R) B(0,1)

where the bracket records the two covariance parameters entering s,. Changing the radius is thus
the same as changing By, and the tables below may be read at any radius through (E.1). We take
R=1and 8y =~ =1 for all £.

We now turn to the estimator itself. Applying the Crofton formula in the normalization used
above [31], for a (d — 1)-rectifiable set S C R? we have

-1 _ v o(dv
HIL(S) Lo [ #0mrr)aya(a)

2041

with o the surface measure on S¢ ! and vg_; the volume of the unit ball in R4, The orthogonal

projection of D = B(0, R) onto v is the (d — 1)-dimensional ball of radius R. Sampling v uniformly
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TABLE E.1. The estimator (E.2) applied to the sphere of radius a inside the unit
ball. Errors are one standard error over chords. The larger relative errors in the
rows with a = 0.4 reflect the small proportion of chords that meet a small sphere.

a exact estimate ratio
0.4 25133 2.4698 +0.0153 0.983
0.7 4.3982 4.4011 +0.0144 1.001
0.4 2.0106 2.0103 +0.0230 1.000
0.7 6.1575 6.1563 +0.0314 1.000
0.4 0.6738 0.7021 +0.0212 1.042
0.7 6.3192 6.3093 +0.0562 0.998

Ot Ot W W N N

on S%1 and y uniformly on that projection, the line {y +tv : t € R} meets D in a segment, which

we call a chord, and the formula becomes

|Sd_1‘Rd_1
fﬂi[#{t < T(y), y+toe S,  T(y) =R — |yl

The right-hand side is an expectation over the chord alone, so the empirical average over independently

(E2) HIYSND)=

sampled chords is unbiased and the only error is a Monte Carlo error.

Along a chord the network is a piecewise-affine function of the single variable t. The zeros of
every preactivation are therefore obtained exactly by the recursion used in Section A: the first layer
contributes the roots of an affine function, and on each cell inherited from the preceding layers a
new preactivation is again affine, so its zero is found by solving a linear equation. No discretization

of D is involved, and the measurement of Sy 4(D) uses only 1D counts.

E.2. Calibration and network experiments. Before applying the estimator to a network, we
calibrate it on surfaces whose measure is known exactly. This checks both the Crofton normalization
and the Monte Carlo implementation independently of the network calculation. We then apply
the same estimator, without changing the sampling scheme, to the activation boundaries of finite
networks.

For a sphere of radius a < R, the exact measure is H?~! = [S9~!|a?!. Table E.1 reports the
estimate from 4 x 10* chords.

We next apply the calibrated estimator to the network boundaries. Table E.2 compares the asymp-
totic prediction >, ny [ p Pe,a dx of Theorem 2.2 with the estimate obtained from 40 independent
networks and 300 chords per network.

The ratios lie close to one at all three input dimensions and all three depths. The deviations
below one occur at the smaller input dimension and the larger depths, which is the regime in which
the o(N) term of Theorem 2.2 is least negligible at the widths used here; the sign agrees with the
corresponding gaps in Table D.1. We do not read a rate from these numbers, and the theorem
makes no assertion about one.

All entries of Tables E.1 and E.2 were produced by a single script, crofton_estimator.py. It

is separate from the script used for Section D, which assumes a scalar input; here the network is
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TABLE E.2. Expected boundary measure ESy 4(D) on the unit ball, with 8, = v, = 1.
Errors are one standard error over the 40 networks.

d widths N prediction estimate ratio
2 64 64 76.68 76.22+1.18 0.994
2 32,32 64 64.34 61.23+1.16 0.952
2 24,24,24 72 61.81 59.87+1.39 0.969
3 64 64 128.00 128.74+ 1.53 1.006
3
3
5
5
5

32,32 64 107.83 108.30 £1.84 1.004
24,24,24 72 103.80 104.42 +2.44 1.006
64 64 210.55 211.04 £2.12 1.002
32,32 64 178.13 178.63 £2.78 1.003
24,24,24 72 171.86 167.43 £3.35 0.974

restricted to a chord in R%, so the first layer is treated differently while the propagation through the

later layers is the same. Both scripts fix their random seeds and record them.

APPENDIX F. SCOPE OF THE THEORETICAL RESULTS

In the 1D model, the finite Gaussian geometry and the visibility estimate identify the leading
expected number of activation switches with the expected number of scalar kinks; the number of
affine regions is one larger. All limits in the widths assume fixed depth. The covariance propagation is
pointwise in the path parameter. Together with uniform integrability, this suffices for the expectation
asymptotics, but we do not prove a uniform process limit, variance bounds, or concentration.

Positive hidden bias variances prevent degeneracy on inherited cells. The visibility estimates use
centered Gaussian preactivations, for which every sign in a new layer is fair. A noncentered model
would require a uniform positive lower bound on the activation probabilities.

For fully connected networks in fixed input dimension, the proof of Theorem 2.2 first obtains an
explicit asymptotic formula for the expected hidden activation-boundary measure and then transfers
it to the scalar kink set. The input dimension and the observation domain are fixed, and the theorem
concerns only the part of codimension one. It does not determine the number of full-dimensional
affine regions. That problem would also require control of intersections in higher codimension and
of the topology of the complement. The theorem does not provide variance bounds, concentration,
curvature measures, or limits in which the input dimension grows.

The numerical sections illustrate the theorems but do not extend them. The Crofton estimator of
Section E is unbiased, so the entries of Tables E.1 and E.2 carry only a Monte Carlo error. The
agreement observed there concerns the leading term at the widths used and does not establish a
rate for the o(IN) correction. The observation domain is a ball; for another bounded convex domain
in the layer integrals would have to be evaluated again, although the dependence on the radius is
explicit through (E.1).
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Convolutional architectures are outside the present scope. Xiong et al. study linear-region counts
for convolutional neural networks [37], but the finite-network visibility argument used here would
require additional work in that setting. Shared filters make preactivations at different spatial

positions dependent within an output channel and can create coincident switches.

APPENDIX G. WISCONSIN EXPERIMENT: COMPLETE EXPLORATORY REPORT

This appendix records the full exploratory design and numerical results used to form Section 5.

All trained-network conclusions are empirical.

G.1. Data, network, and segment families. This subsection records the common setup for the
exploratory Wisconsin experiments. The design keeps the theoretical initialization model unchanged
while measuring the same switch statistic along several families of held-out segments before and after
training. The four architectures are used to separate the main example from checks of width and
depth. The Breast Cancer Wisconsin diagnostic data have 569 observations, with 212 malignant and
357 benign cases, and 30 features. In the exploratory run, features are standardized coordinatewise
over the full dataset and a fixed 70/30 train/test split with seed 42 is used. All real-data segments
join held-out test points. The architectures are (64,64), (128,128), (64,64, 64), and (128,128, 128).
The figures in this appendix come from the single exploratory split described here; the replicated
10 x 5 design of Section 5 covers (64, 64) and (64,64, 64) only. Hidden biases have variance o7 = 0.1
in the main runs; He scaling is used for weights. Training uses full-batch Adam with learning rate
3 x 1073 for 300 epochs, and reported test accuracies are 0.95-0.97.

Four segment families are used: within malignant, within benign, between class, and off manifold.
The control endpoints are drawn independently from N (0, I3). Along every segment, all switches
are located exactly by solving affine equations layer by layer; no grid in the path parameter is used.

Scalar output kinks are counted separately across the ordered switch locations.

G.2. Initialization agreement. The first check asks whether the closed-form leading initialization
prediction remains accurate on the actual data geometry in dimension 30. For each segment, we
evaluate the leading term in equation (5.1) from its endpoints without simulation or quadrature
and sum the layerwise contributions. Across every architecture and segment family, measured
initialization counts agree with this prediction within one to two standard errors. Representative
entries are given in Table G.1.

Table G.1. Initialization agreement in the exploratory study: the leading prediction of (5.1) against the
measured switch count, for representative combinations of architecture and segment family. Errors are one
standard error over the network seeds.



AFFINE GEOMETRY OF GAUSSIAN RELU NETWORKS 35

architecture family prediction measured
(64,64) within malignant 44.64  44.12 £ 2.55
(64,64) between class 70.95 70.41+1.73
(128,128) within benign 91.80  90.69 + 3.07
(128,128) control 121.90 121.64 £1.87
(64,64, 64) between class 104.19 103.01 £ 3.96
(128,128,128) within malignant 131.30 128.83 +6.08

G.3. Training-induced changes. The second part of the experiment asks how the same switch
statistic changes under supervised training. We separate within-class, between-class, and off-manifold
segments so that a global change in network geometry can be distinguished from a change tied to
the class relation of the endpoints. Table G.2 reports the raw relative change of the total switch

count from initialization to the trained network.

Table G.2. Relative change in total switch count from initialization to epoch 300, for the four architectures
of the single exploratory split. Table 3 reports the two replicated architectures over the 10 x 5 split-—seed
design.

architecture within mal. within ben. between control

(64, 64) —23.0% —22.3% +18.4% —4.8%
(128,128) ~19.2% —20.4% +13.5% —6.2%
(64,64, 64) —28.1% —27.4% +15.0% —9.4%
(128,128, 128) —25.0% —24.9%  +5.9% —14.9%

Relative to the off-manifold control, the within-class contrast is about —10 to —19 percentage points

and the between-class contrast about +20 to +24 percentage points across the four architectures of

the exploratory split. We interpret this subtraction only as a comparison relative to the control.
For (64,64,64), the layer decomposition is given in Table G.3.

Table G.3. Layerwise relative change for the (64,64, 64) network on the exploratory split. Table 4 reports
the same quantities over the replicated 10 x 5 split—seed design.

family layer 1 layer 2 layer 3

within malignant —8.2% —28.6% —49.0%
between class +81% +9.6% +28.5%
off manifold 4+0.4% —-10.8% —18.6%

The first control layer is essentially flat in every architecture, between +0.1% and +0.4%.

G.4. Training trajectory and robustness. The endpoint comparison does not show when the
separation develops or whether it depends strongly on the training duration. We therefore follow
one continuous optimization trajectory and separately vary the hidden bias variance and the number
of epochs. For (64,64), with 20 network seeds and 200 segments per family, the mean total switch

counts at selected epochs are given in Table G.4.
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Table G.4. Mean total switch count along the training trajectory of the (64,64) network on the exploratory
split, averaged over 20 network seeds and 200 segments per family. Figure 3(b) shows all twelve checkpoints.

epoch within mal. within ben. between control

0 45.69 45.74 70.70  60.52
20 38.69 40.44 79.66  59.29
100 34.86 36.80 84.18  58.38
300 33.98 35.77 85.70  58.51
600 33.71 35.42 86.06  58.53

The families separate monotonically and are close to saturation around epochs 150-300. This
trajectory is a separate run: it uses its own seed stream and its own sample of evaluation segments
on the single exploratory split, so its levels are not directly comparable with the split-averaged
figures of Table 3. Within the trajectory itself the changes from epoch 0 to epoch 300 are —25.6%
on within-malignant, —21.8% on within-benign, +21.2% between classes and —3.3% on the control,
so the ordering matches the replicated figures. The Adam state is carried continuously through the
checkpoints; an earlier implementation that reset it at each checkpoint is described below.

For (64,64), the sign pattern is also unchanged across all nine combinations of o7 € {0.01,0.1,1}
and training lengths {100,300, 1000}. Magnitudes vary: at Jg = 1, within-class changes are about
—4 to —11%, between-class changes about +34 to +41%, and the control about +1%. In every
table and run, the number of output kinks equals the total switch count exactly, both before and

after training.

G.5. Reproducibility notes. The exploratory tables of this appendix and Figure 3(b)
were produced by wisconsin_geometry.py, with base seed 42. Independent networks use
default_rng([42, s]) for the tables, default_rng([42, 1000+s]) for the trajectory, and
default_rng([42, 7000+s]) for the robustness sweep. The replicated 10 x 5 design of Section 5
and Figure 3 were produced by wisconsin_replication.py, which imports the network, training
and switch-counting routines from wisconsin_geometry.py so that both studies measure the same
quantity with the same code. Its streams are disjoint from those above: the split partitions come
from StratifiedShuffleSplit with random state= 42, the evaluation segments of split ¢ from
default_rng([42, 5000+i]), and network seed k of split ¢ from default_rng([42, i,k]). The
four scripts and their saved outputs are archived with a permanent identifier [26].

The replication script compares the scalar output kink count with the total hidden switch count
on every segment, before and after training, and records the number of exact agreements in its saved
output. Kinks are identified by comparing the one-sided slopes with relative tolerance 10~8, which
separates a genuine slope change from floating-point noise. A switch whose downstream sensitivity
is very small can produce a slope change below this tolerance and is then not counted as a kink;
this accounts for the six exceptions reported in Section 5.

The exploratory study included internal consistency checks because the theoretical prediction

and the trained-network measurements use separate code paths. Two implementation errors were
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identified during these checks and corrected before the results above were recorded. Neither
correction changes the design of the experiment, but both are relevant for reproducibility. First,
an early trajectory implementation reset the Adam state at each checkpoint; the corrected run
carries optimizer state continuously. It remains a separate run with its own seed stream and its
own segment sample, and is not a re-derivation of the main-text figures. Second, an initialization
routine initially failed to pass ag into the covariance recursion in the robustness calculation; this

was corrected before the results above were recorded.
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